Introduction
To date, there is an extensive literature on the behavior of volatility of assets returns. Indeed, the GARCH model and its numerous extensions have been widely used to account for the existence of conditional heteroskedasticity in financial time series (see, for instance, the survey by Poon and Granger, 2003) 3 . However, less attention has been paid to the detection of multiple shifts in unconditional variance over time. For example, Lamoureux and Lastrapes (1990) conclude that persistence in variance may be overstated by not accounting for deterministic structural breakpoints in the variance model.
A relatively recent approach to testing for volatility shifts is Inclan and Tiao (1994) 's Iterative Cumulative Sums of Squares (ICSS) algorithm. This algorithm allows for detecting multiple breakpoints in variance in a time series. Aggarwal, Inclan and Leal (1999) present an application of this procedure to emerging markets over 1985-1995. They conclude that most events leading to volatility shifts tended to be local (e.g., the Mexican peso crisis, periods of hyperinflation in Latin America), and that the only global event over the sample period that affected several emerging markets was the October 1987 crash.
Another subject, which has received attention in recent research and that also has important implications for portfolio management, is the existence of heterogeneous investors. In a recent article, Connor and Rossiter (2005) point out that, for the specific case of commodity markets, long-horizon traders will essentially focus on price fundamentals that drive overall trends, whereas short-term traders will primarily react to incoming information within a short-term horizon. Hence, market dynamics in the aggregate will be the result of the interaction of agents with heterogeneous time horizons. In order to model the behavior of financial series at different time spans, researchers have resorted to wavelet analysis (e.g., Zang, 1996, 1997; Li and Stevenson, 2001; Gençay, Whitcher, and Selçuk 2003, 2005; Hong and Kao, 2004; Whitcher, 2004; Karuppiah and Los, 2005; Connor and Rossiter, 2005; Fernandez, 2005 Fernandez, , 2006 . This is a refinement of Fourier analysis that allows for decomposing a time series into its high-frequency or noisy components and its low-frequency or trend components, among many other applications.
The aim of this article is two fold. First, we analyze whether accounting for conditional heteroskedasticity and volatility shifts in asset returns really matters when comes to quantifying the potential market risk an investor faces. In doing so, we consider different time horizons by resorting a wavelet-based decomposition of Value at Risk (VaR). Second, we look at the potential diversification gains involved in investing on commodities in terms of a VaR decrease. To our knowledge, no one has conducted similar research.
This article is organized as follows. Section 2 presents the main methodological tools utilized in the empirical section of the article. Section 3 presents some descriptive statistics of the data used in the simulations carried out later on. Section 4 presents the simulation exercises involving a portfolio primarily composed of stock indices and a portfolio that also include spot and futures positions in commodities. We discuss the implications of not accounting for correlated volatility and volatility shifts for risk quantification. In addition, we focus on the benefits of holding commodities for portfolio diversification. Section 5 concludes.
Methodology

The ICSS algorithm
Under Inclan and Tiao (1994) 's ICSS algorithm set-up, a time series of interest has a stationary unconditional variance over an initial time period until a sudden break takes place. The unconditional variance is then stationary until the next sudden change occurs. This process repeats through time, giving a time series of observations with a number of M breakpoints in the unconditional variance along the sample:
In order to estimate the number of variance shifts and the point in time at which they occur, a cumulative sum of square residuals is computed,
where {ε t } is a series of uncorrelated random variables with zero mean and unconditional variance 2 t σ , as in (1). Inclan and Tiao define the statistic:
If there are not variance shifts over the whole sample period, Đ k will oscillate around zero. Otherwise, if there is one or more variance shifts, Đ k will departure from zero. The ICSS algorithm systematically looks for breakpoints along the sample. A full description of the algorithm is given in Inclan and Tiao's article.
2.2
Wavelet-based betas Wavelet-variance analysis consists of partitioning the variance of a time series into pieces that are associated to different time scales. It tells us what scales are important contributors to the overall variability of a series (see Percival and Walden 2000) . In particular, let x 1 , x 2 ,..., x n be a time series of interest, which is assumed to be a realization of a stationary process with variance 2 X σ . If ) ( j 2 X τ υ denotes the wavelet variance for scale τ j ≡2 j−1 , then the following relationship holds:
where the square root of the wavelet variance is expressed in the same units as the original data.
Let
⎣ ⎦ j j 2 / n n = ′ be the number of discrete-wavelet transform (DWT) coefficients at level j, where n is the sample size, and let
be the number of DWT boundary coefficients 4 at level j (provided that
, where L is the width of the wavelet filter. An unbiased estimator of the wavelet variance is defined as
Given that the DWT de-correlates the data, the non-boundary wavelet coefficients at a given level (d j ) are zero-mean Gaussian white-noise processes.
Similarly, the unbiased wavelet covariance between time series X and Y, at scale j, can be defined as
provided that
However, as pointed out by Percival and Walden (2000) , the sample properties of the DWT variance and covariance estimators are inferior to those of non-decimated discrete wavelet transforms, also known as stationary wavelet transforms. The non-decimated DWT is a non-orthogonal variant of the DWT, which is time-invariant. That is, unlike the classical DWT, the output is not affected by the date at which we start recording a time series. In addition, the number of coefficients at each scale equals the number of observations in the original time series. A non-decimated form of the DWT is known as the maximal overlap DWT (MODWT). 5 The unbiased MODWT estimator of the wavelet variance is given by 
is the width of the MODWT filter for level j, and n is the number of observations in the original time series. While there are n MODWT-wavelet coefficients at each level j, the first (L j -1)-boundary coefficients are discarded. (Retaining such boundary coefficients leads to a biased estimate). 4 The ⎣ ⎦
x and ⎡ ⎤
x terms represent the greatest integer ≤x and the smallest integer ≥x, respectively.
Boundary coefficients are those that are formed by combining together some values from the beginning and the end of the time series. 5 The scaling ) l ( k and wavelet ) h ( k filter coefficients for the MODWT are rescaled versions of those of the
Likewise, the unbiased MODWT estimator of the wavelet covariance can be obtained as
In the CAPM model, as proposed by Gençay, Whitcher and Selçuk (2003) , the wavelet-beta estimator for asset i, at scale j, is defined as
is the wavelet covariance of asset i and the market portfolio at scale j, and
is the wavelet variance of the market portfolio at scale j.
An R 2 for each scale can be computed as follows
2.3 Wavelet-based value at risk
From the empirical representation of the CAPM, we have
From equation (10), the variance of excess return i and the covariance of excess returns i and j are given, respectively, by
Consequently, the variance-covariance matrix of the k excess returns is given by
where
The (1-α) %-Value at Risk (VaR) of a portfolio of k assets is then
where ω is a k x 1 vector of portfolio weights, V 0 is the initial value of the portfolio, and l(α)≡Φ −1 (1−α), where Φ(.) is the cumulative distribution function of the standard normal.
For an equally-weighted portfolio, such that ω i =1/k ∀ i, the VaR boils down to
As k becomes large,
That is, for a welldiversified portfolio, all that matters is systematic risk.
We use equation (13) to compute the value at risk at different time-scales. In particular, the VaR at scale j can be obtained by evaluating equation (13) at the j-scale components of the variance of the market portfolio return, the betas of the k stocks, and of the variances of the error terms that capture non-systematic risk:
In order to obtain ) ( j
The variance of stock i at scale j, ) ( j 2 i τ σ , the beta of stock i return at scale j, ) ( j i τ β , and the variance of the market portfolio at scale j, ) ( j 2 m τ σ , can be computed using equations (6) and (8).
2.4
Long-memory processes Connor and Rossiter (2005) discuss how to obtain the long-memory parameter of a time series from wavelet analysis. Specifically, a time series y t is said to be a long-memory process if its autocovariance sequence decays at a slower rate than that of an ARMA process. Mathematically, if λ s =cov(y t ,y t+s ), s=−1,0,1, and there exist constants C and β, , where α+β=−1, K is a constant, |f|<1/2, and S(f) is the spectral density function of the process.
The exponent α is called the spectral exponent, and it has been shown to equal −2d, where d represents the long-memory parameter, as usually referred to in time series analysis. Connor and Rossiter point out that d can be estimated from a regression of the logarithm of the wavelet variance on the logarithm of the scale. If 0<d<1, y t is a long memory process. In particular, if 0<d<0.5, y t is stationary but shocks decay at a hyperbolic rate, while if 0.5≤d<1, y t is non-stationary. On the other hand, if −0.5<y t <0 is stationary and has short memory.
3.
The data
Our sample consists of weakly returns on the Dow Jones Country Titans (Australia, Canada, Germany, Hong Kong, Italy, Japan, The Netherlands, Spain, Sweden, Switzerland, and The United Kingdom), the Dow Jones Global 50, 6 the Dow Jones Industrial, Moody's commodities index 7 , CBT-municipal bond, CBT-10 year US T-note, LME-spots prices of copper, nickel and zinc, and futures prices of corn and wheat. All indices and prices are expressed in US dollars and span the period 1992-2005. The data sources are Datastream and Ecowin. Table 1 presents some descriptive statistics of the data. The returns on the nickel spot price and the wheat futures price stand out for their high volatility, measured by the interquartile range, followed by the DJ Hong Kong Titan. The least volatile return series are those on the Moody's commodity index, the CBT-municipal bond and the CBT-10 year US note. As usual, all return series strongly reject the assumption of normality, according to the Shapiro-Wilk and Jarque-Bera tests.
Given that we are ultimately interested in quantifying systematic risk, we compute the beta of each return series for different time horizons (scales). The proxies for the market portfolio and the risk-free asset are the DJ Titans Global and the CBT-10 year US note, respectively. As Table 2 shows, returns on metals and grains futures display little market risk as compared with those on the DJ Country Titans (e.g., Australia and the UK). This is particularly so for grains futures, whose betas are close to zero, and sometimes even negative, at different time horizon. In general, we observe that for the DJ Country Titans, beta tends to increase as the time horizon increases. In other words, the CAPM has greater predictive power in the long than in the short run, as Gençay, Whitcher and Selçuk (2003) conclude. 6 The Dow Jones Global Titans is made up by fifty internationally based and globally oriented companies, such as Microsoft, Nestle, Toyota Motor Corp., Time Warner Inc., and Coca-Cola. The Dow Jones Country Titans in turn generally represent the biggest and most liquid stocks traded in individual countries. 7 Moody´s commodity index is an average of eighteen leading commodities, including corn, soybeans, wheat, coffee, hogs, steers, sugar, cotton, wool, aluminum, copper scrap, lead, steel scrap, zinc, rubber, hides and silver. The index is based on daily closing spot prices.
Recent literature has shown that volatility may exhibit long memory. In order to asses whether that is the case for our returns series, we follow Connor and Rossiter's procedure to compute the long-memory parameter. Table 2 presents our results. There is some evidence of long memory, particularly in the squared returns on the DJ Titans Netherlands, DJ Titans Switzerland and the wheat futures. In addition, for all the absolute and squared return series, the estimate of d is less than 1, which suggests that all volatility series are stationary.
Portfolio simulations
We follow two procedures to quantify the portfolio risk. One consists of fitting a generalization of a GARCH model to the individual return series, after accounting for structural breaks in volatility. In order to determine such breaks, we utilize the ICSS algorithm. The output obtained from the ICSS algorithm is used to construct dummy variables, which are incorporated into the variance equation of each return series. Table 4 reports the volatility shifts detected in the weekly returns. Most series exhibit structural breaks around the Asian crisis and at the beginning of the Iraq invasion. Three series do not present any shifts at all: the DJ Titan Australia index, the copper spot price, and the wheat futures price.
Given that we previously found some evidence of long memory in the returns volatility, a standard GARCH model may be inadequate. A possibility would be to utilize a fractionally integrated GARCH model. Alternatively, a generalization of the GARCH model, which allows for longer memory in the conditional variance than a standard GARCH model, may prove suitable. In particularly, we resort to a Power GARCH model (PGARCH): r t =δ′x t +ε t , ε t =σ t z t , z t~I ID (0,1), t=1, 2..., T Many GARCH variants can be nested in the PGARCH model. For instance, if δ=2 and γ i =0 ∀i, we have a GARCH model; if δ=1, we have the threshold GARCH model, etcetera. For some of our return series, the estimated δ is close to 2, indicating that a GARCH model seems satisfactory.
8 Given the existence of structural breaks in unconditional variance in most return series, we consider a more general function for the The second approach we use to model the behavior of returns consists of a semiparametric procedure, which is discussed in Carmona, 2004 . Specifically, the tails of the distribution can be modeled by means of the generalized Pareto distribution, while the empirical distribution can be used to model the center of the distribution. That is, parametric and non-parametric approaches are used to model the tails and the center of the distribution, respectively.
In order to carry out the simulation exercises, we first form an equally-weighted portfolio made up by nineteen assets⎯the DJ Country Titans, The Dow Jones Industrial, Moody´s commodity index, the municipal bond, the three metals (copper, nickel, zinc), and the grains futures (corn and wheat). The first simulation exercise consists of fitting PGARCH models to the returns on the nineteen portfolio assets and simulating returns data from the fitted models. 9 The simulated data is used at the next stage to compute the portfolio Value at Risk for the raw data and the five wavelet scales, as described in Section 2.3. The same procedure is repeated one hundred times. The second simulation exercise is meant to quantify the diversification loss incurred by not investing on the metals and the grains. The third and fourth simulation exercises are in the same vein, but they are based on the semi-parametric procedure referred to above. The computer code involved in the estimation process was written in S-Plus 7.0.
The simulation results are reported in Table 5 . If we look at Panels (a) and (b), where the PGARCH models are reported, we see that there is a clear diversification benefit from investing on metals and grains. Indeed, for the raw data, the 95-percent weekly VaR for a USD 1000-investment on the portfolio made up by the nineteen assets (base portfolio) is USD 9.73, whereas for the portfolio excluding the metals and grains the weekly 95-percent VaR increases to USD 13.21. Now, if we look at different time horizons, we see that short-term investors are subject to greater potential losses than long-term investors. For instance, for a 8-16 week horizon (scale 3), the 95-percent weekly VaR of the base portfolio is USD 3.48, whereas this amounts to only USD 1.69 for a 32-64 week horizon (scale 5).
On the other hand, our simulations based on the semi-parametric procedure show that neglecting conditional heteroskedasticity and volatility shifts can lead us to overestimate market risk substantially. Indeed, as Panels (c) and (d) of Table 5 show, the semi-parametric method yields VaR estimates that are twice as large as those reported in Panels (a) and (b), respectively.
Conclusions
In this study, we quantify the extent to which modeling conditional heteroskedasticity and structural breaks in long-term volatility matters to determine systematic risk. In doing so, we compute a wavelet-based measure of value at risk, which makes it possible to take account of investors´ heterogeneous time horizons.
Our simulation results, based on weekly data of the Dow Jones Country Titans and spot and futures prices of commodities for the period 1992-2005, show that neglecting GARCH effects and volatility shifts may lead us to overestimate financial risk considerably, at various investment horizons. In addition, we conclude that investors benefit from holding commodities-particularly futures⎯as their low or even negative correlation with stock indices contribute to portfolio diversification.
A potential extension of this research would be to simulate returns from a multivariate distribution rather than from marginal distributions, as assets returns will generally exhibit some correlation. Most likely, a smaller number of assets should be considered in order to make the estimation process computationally tractable. Table 2 Wavelet-based betas of the return series Betas R 2 Raw Scale 1 Scale 2 Scale 3 Scale 4 Scale 5 Raw Scale 1 Scale 2 Scale 3 Notes: (1) In Panels (a) and (c), the equally-weighted portfolio (base portfolio) is made up by the DJ Country Titans, The Dow Jones Industrial, Moody´s commodity index, the municipal bond, the three metals (copper, nickel, zinc), and the grains futures (corn and wheat). In Panels (b) and (d), the metals and grain are excluded.
(2) The portfolio investment is USD 1,000 and the VaR is expressed on a weekly basis. (3) The number of simulation is 100 in each case. (3) Scale 1: 2-4 weeks, scale 2: 4-8 weeks scale 3: 8-16 weeks, scale 4: 16-32 weeks, and scale 5: 32-64 weeks.
